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Abstract 
The paper deals with dynamic stability of an infinite non-homogenous Euler's beam subjected to an infinitely long, inertial, 
uniformly distributed moving load. The beam rests on a three-parameter unidirectional inertial foundation of the Vlasov’s type. A 
new method of taking into account the offset of the ballast in the transverse sections of the beam is put forward. A critical force 
has been evaluated. This force depends not only upon the parameters of the moving load, i.e. its mass pm  and velocity v, but also 
upon the three parameters of the inertial foundation: 0k , 0c  and 0m . 
© 2014 The Authors. Published by Elsevier Ltd.  
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1. Three-parameter Vlasov's model of a foundation 
Vlasov's model of a deformable subgrade developed in early fifties [1] provides an approximation of the response 
of the elastic layer on a non-deformable foundation. Along with the models of Wieghardt [2], Pasternak [3, 4] and 
Filonienko-Borodich [5], this model belongs to the class of unidirectional and one-parameter models of the foundation. 
Despite the fact that all the models mentioned above are governed by a second order differential equation, they should 
be understood in different ways. They can be viewed as refinements of the one-parameter and unidirectional Winkler's 
[6] model. 
The literature of the subject is abundant and encompasses also many review papers [7, 8, and 9]. Although the 
models available in the literature do not provide us with a complete and fully satisfactory physical description of the 
three-phase medium, as the real soil is, as constructed from a skeleton, water and voids, these models nevertheless 
make it possible to perform a statical and dynamical interaction analysis of the system: the bearing structure-
foundation-subsoil, with a sufficient accuracy for the engineering practice. 
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The theory of Vlasov is based on the following kinematics assumption: 
x under the beam 
     0, 0, , , , ,x yu u w x z t w x t z\     (1) 
x outside that region 
       0, 0, , , , , ,x yu u w x y z t w x t z y\ M    (2) 
where  z\  is an a priori assumed function representing the displacement variation across the thickness of the layer, 
 yM  being the function describing the offset measured in the cross-section perpendicular to the beam. 
By applying the method of Bubnov-Galerkin one can reduce the equations of equilibrium of such a layer of the 
foundation to the following model equation 
       
2
2
0 0 0 2
,
, , 2 , ,
, .
w x t
p x t k w x t c w x t m
t
x x y
D
D D D
D
w
   
w
  (3) 
 
Fig. 1. An inertial elastic layer with an Euler's beam, subjected to an inertial moving load. 
Coefficients 0k , 0c , 0m  characterize the Vlasov’s subgrade [1], see Fig. 1. Interpretation of the coefficient 0k  is 
identical for both the Winkler and Vlasov models. Coefficient 0c  characterizes shearing of the elastic layer, while 
coefficient 0m  takes into account that Vlasov's layer is inertial. 
The essence of this paper consists in considering the ballast's offset (settlement) occurring in the cross-sections 
normal to the beam (a three-dimensional foundation model). 
The dynamic problems of beams on two or three-parameter Vlasov's foundation have been dealt with in numerous 
papers. One should refer to papers of Lvovski [10-13], Danovich [14, 15], Lazarin [16, 17], Szczesniak [18, 19], 
Valsangkara and Pradhananga [20]. On the other hand, the problem of dynamic stability of beams on a foundation has 
been discussed in papers of Newland [21] and Szczesniak [22]. 
In the case of plane strain, the equations of motion of the foundation derived for the three-parameter foundation 
model, taking into account its offset, can be written in the form, cf. papers [10-13]. 
77 Magdalena Ataman and Wacław Szcześniak /  Procedia Engineering  91 ( 2014 )  75 – 80 
 
2 2
0 0 0
0 0 02 2
0 0 0
21 12 1 1 , ,c kw wc k w m p x t
b x b b b t
K
K K K
§ · § · § ·w w        ¨ ¸ ¨ ¸ ¨ ¸w w© ¹ © ¹ © ¹  (4) 
where 00
02
k
c
K   is an essential parameter characterizing the foundation, of dimensions [m-1], while 0 0 0
0
2c k
b b
K
K
 . 
Equation (4) has been found by assuming that the shape of the offset, measured in the cross-sections normal to the 
beam, can be approximated by an exponential function, decaying with the distance from the edge of the beam 
   0 2e .y by KM     (5) 
In the case when the offset is neglected one assumes   1yM  , and Eq. (4) reduces to the classical Winkler's 
equation, cf. monograph [1] 
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The effect of the offset is determined by coefficient 0K  depending upon Vlasov's parameters 0k  and 0c , cf. Eqs. (4) 
and (6). 
2. Dynamic stability of Euler's beam resting on Vlasov's one-layer three-parameter elastic foundation 
For the beam consisted of n-layers with various Young’s modulus, EJ  is replaced by EJ  given by the formula 
[23, 24] 
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where iE  and iH  are modulus of elasticity and thickness of the i-th layer of the beam, respectively. The vertical 
displacements w  are referenced to the line of the beam at which xxV  due to bending are zero. 
The equation of motion of an elastic, non-homogenous Euler's beam, subjected to a large axial force S , is expressed 
by the equation 
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where 
0
1
b
]
K
  is the transformed, dimensionless foundation parameter describing its offset. 
Eq. (10) may describe both the dynamic deflections and horizontal displacements of the beam, essential for a loss 
of stability of a railroad track modelled by such a beam [25-38]. 
Following the paper of Newland [21], we assume the travelling character of the wave and hence assume the solution 
of the homogeneous equation for horizontal displacements of the beam in the following form 
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Substitution of (9) into the homogeneous part of (8) leads, in the first approximation, to the following dispersion 
relation 
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According to Ref. [21], the dynamical instability of the beam can occur if Z a complex variable is 
.iZ D E    (11) 
Substitution of (11) into (10) results in the following formulae for D  and E  coefficients 
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Coefficient E  must be positive in the case of a parametric resonance, hence 
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The above inequality heavily depends upon the wave number O . If 0
0
10, , 0c ]
K
  f   then, O  at 1 mb  , 
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k
EJ
O  . 
Eventually, the critical force in Euler's beam that models a railroad track is determined as follows 
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In the case of a beam resting on a two-parameter Winkler's foundation the minimal value of  04 1 2k
EJ
]
O

 , and 
the critical force is given by 
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3. Conclusions 
This paper is devoted to dynamic analysis of stability of the Euler’s beam resting on a three-parameter inertial and 
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unidirectional foundation of Vlasov's type. The beam is subjected to the infinite inertial loading, continuously 
distributed and travelling along the beam with a constant velocity. 
The main results of the paper are formulae for critical forces. The critical force in the case of such a foundation 
depends upon the beam bending stiffness, its mass, the mass of the moving load, the mass of the inertial subgrade and 
on Vlasov's coefficients of the foundation 0k  and 0c  as well as on the offset no dimensional characteristic ] . Taking 
into account the effect of the offset in the model of Vlasov's foundation (parameter] ) suggests that the railroad track 
becomes stable. In a particular case Eq. (15) for the force crS  can be reduced to the formula for this force in a beam 
resting on an inertial Saito's foundation [25, 26] or to the formula of Newland [21], if 0 0m  . 
An inertial moving load decreases the values of the Euler critical forces and at sufficiently great velocity or at 
moving mass of the loading pm  these forces can vanish. In such a case we must analyze the resonance critical 
velocities of Bolotin's type. 
In the case of a three-parameter inertial unidirectional Vlasov's model we find the critical force of Bolotin's type, 
given by 
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If we neglect the effect of the offset ( 0]  ), then Eq. (16) reduces to the form 
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In the case of Saito-Murakami's foundation model [25, 26] we find 
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Lastly, for the model of Winkler [6] we have 
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For the all models of foundation the critical velocities of Bolotin depend not only upon the mass of the beam, but 
also upon the mass of the moving inertial loading. In the first three cases they depend also upon the mass of the 
subgrade that co-vibrates with the beam. 
References 
[1] V.Z. Vlasov, Beams, plates and shells on elastic foundation (in Russian), GIF-ML, Moscow 1960. 
[2] K. Wieghardt, Über den Balken auf nachgiebiger Unterlage, ZAMM, Vol. 2, 3, (1922), pp. 165-184. 
[3] P.L. Pasternak, On a new method of analysis of foundations lying on elastic subsoil, with the help of two interaction coefficients (in Russian), 
Moscow-Leningrad Gos. Izdat. Literatury po Stroitelstvu i Arkhitekture, 1954. 
[4] P.L. Pasternak, On a new method of analysis of rigid and flexible foundations on an elastic subsoil (in Russian), Sornik Trudov MISI No. 14, 
1956, pp.116-144. 
[5] M.M. Filonenko-Borodich Selected approximate theories of an elastic foundation (in Russian), Uchenye Zapiski MGU, Issue 46, 1940, pp. 3-
18. 
[6] E. Winkler, Die Lehre von der Elasticitaet und Festigkeit, Prag, Dominicus, 1867. 
80   Magdalena Ataman and Wacław Szcześniak /  Procedia Engineering  91 ( 2014 )  75 – 80 
[7] Yu. M. Meshcheryakov, Survey of Soviet papers on plates and beams on a compressive foundation (review for years 1917-1967) (in Russian), 
Osnovanii i Podzemnykh Sooruzhenii 1967. 
[8] M. Gryczmanski, P. Jurczyk, Models of subsoils and their evaluation (in Polish), Inzynieria i Budownictwo, Nr 2, 1995, pp. 98-104. 
[9] W. Szczesniak, Statics, Dynamics and stability of railroad tracks and their subgrades. Review of fundamental papers (in Polish), Prace Naukowe 
Politechniki Warszawskiej, Budownictwo Nr 129, 1995, pp. 1-182. 
[10] V.M. Lvovskii, Three-dimensional vibrations of an infinite beam lying on an inertial elastic foundation, subject to a continuously distributed 
moving load (in Russian), Izv. Visshikh Uchebnykh Zavedenii, Lesnoi Zhurnal, No. 5, 1963, pp. 56-67. 
[11] V.M. Lvovskii, On uniform motion of a point load along an infinite beam lying on an inertial elastic two-layer foundation (in Russian), No. 2, 
1964, pp. 81-88. 
[12] V.M. Lvovskii, Vibrations of a beam-like plate lying on a nonlinear inertial elastic foundation subject to a moving load (in Russian), Izv. VUZ, 
Stroitelstvo i Arkhitektura No. 9, 1970, pp. 37-45. 
[13] V.M. Lvovskii, B.V. Lvovskii, A contact problem for a circular punch on a two-layer foundation (in Russian), Soprotivlenie Materialov i 
Teoria Sooruzhenii, Issue 38, Kiev 1976, pp. 34-41. 
[14] V.D. Danovich, Vibrations of an infinite beam on an elastic foundation with a varying coefficient of damping of displacements (in Russian), 
Mezhvuzovskii Sbornik Nauchnykh Trudov, Issue 204/21, Dniepropetrovsk 1979, pp. 77-88. 
[15] V.D. Danovich, Vibrations of a beam of infinite length lying on an elastic two-parameter foundation, subject to a moving harmonic load (in 
Russian), Strength and Stability of Complex Mechanical Systems, Naukova Dumka, Kiev 1979, pp. 135-141. 
[16] V.A. Lazaryan, V.D. Danovich, Differential equations of plane vibrations of a train moving on an inertial railroad (in Russian), Selected 
Problems of Mechanics of Fast Transport, Naukova Dumka, Kiev 1970, pp.142-148. 
[17] V.A. Lazaryan, I.A. Litvin, Differential equations of plane vibrations of a train moving on an inertial railroad (in Russian), Selected problems 
of Mechanics of Fast Transport, Naukova Dumka, Kiev 1970, pp. 61-70. 
[18] W. Szczesniak, Effect of axial forces and shear of the foundation on amplitudes of vibrations of an infinite beam under a moving load, (in 
Polish), Prace Naukowe Politechniki Warszawskiej, Budownictwo Nr 56, 1977, pp. 19-36. 
[19] G. Jemielita, W. Szczesniak, Methods of modelling foundations of structures (in Polish), Prace Naukowe Politechniki Warszawskiej, 
Budownictwo Nr 120, 1993. 
[20] R. Valsangkar, R. Pradhanang, Vibrations of beam-columns on two-parameter elastic foundations, Earthquake Eng. Struct. Dyn., 16, 1988, pp. 
1103-1114. 
[21] D.E. Newland, Instability of an elastically supported beam under a travelling inertial load, J. Mech. Eng. Sci., Vol. 12, No. 5, 1970, pp. 373-
374. 
[22] W. Szczesniak, Dynamic stability of Euler's and Timoshenko's beams subject to moving inertial loadings (in Polish), Prace Naukowe 
Politechniki Warszawskiej, Budownictwo, Vol. 129, 1995, cf. also Proceedings of the Polish-Russian Seminar: Theoretical Foundation of Civil 
Engineering. Moscow, 1994, pp. 94-105. 
[23] M. Ataman, W. Szczesniak, Vibrations of a non-homogenous Timoshenko beam on a two-parameter foundation subject to a moving load, 
Vibration Problems ICOVP 2011, Prague, pp.149-154. 
[24] M. Ataman, Vibrations of a transversely non-homogenous beams and plates resting on deformable foundations forced by moving loads (in 
Polish), Publishing House of Warsaw University of Technology, Warsaw 2010. 
[25] H. Saito, T. Murakami, Vibrations of an infinite beam on elastic foundation with consideration of mass of a foundation for moving loads, Bult. 
JSME, Vol. 12, No. 50, 1969, pp. 200-205. 
[26] H. Saito, T. Terasawa, Steady-state vibrations of a beam on a Pasternak foundation for moving loads, J. Appl. Mech., Vol. 47,4, 1980, pp. 879-
88. 
[27] B.W. Holder, C.D. Michalopoulos, Response of a beam on an inertial foundation to a travelling load, AIAA Journal, Vol. 15,8, 1977, pp. 1111-
1115. 
[28] O.R. Jaiswal, R.N. Iyengar, Dynamic response of a beam on elastic foundation of finite depth under a moving force, Acta Mechanica 96, 1993, 
pp. 67-83. 
[29] A.D. Kerr, Étude relative a la stabilité de voie ferée dans le plan vertical, Rail International, Fév. 1974, pp. 169-183. 
[30] A.D. Kerr (ed.), Railroad track mechanics and technology, Pergamon Press, 1975. 
[31] A.P.S. Selvadurai, Elastic analysis of soil-foundation interaction, Developments in Geotechnical Engineering Vol. 17, Amsterdam, Oxford, 
N.Y., Elsevier 1979. 
[32] A.D. Kerr, A model study of vertical track buckling, High Speed Ground Transportation Journal, 1973, Vol. 7, No. 3, pp. 251-368. 
[33] A.D. Kerr, On the stability of the railroad track in the vertical plan, Rail International, Feb. 1974, pp.132-142. 
[34] A.D. Kerr, The stress and stability analysis of railroad tracks, J. Appl. Mech., Vol. 41, 1974, pp. 841-848. 
[35] A.D. Kerr, Y.M. El-Aini, Determination of admissible temperature increases to prevent vertical track buckling, J. Appl. Mech. ASME, Vol. 
45, Sept. 1978, pp. 565-573. 
[36] M. Ataman, W. Szczesniak, Modified Vlasov-Leontiev model of elastic foundation. Computer Systems Aided Science and Engineering Work 
in Transport, Mechanics and Electrical Engineering. Monograph No. 121, Radom 2008, pp. 7-18. 
[37] W. SzczeĞniak, Dynamic stability of an infinite Euler’s beam resting on a three-parameter inertial Vlasov’s foundation, subject to a moving 
continuous inertial loading-Part I, International Journal for Computational Civil and Structural Engineering, Vol. 2, No. 1, 2007, pp. 70-77. 
[38] W. SzczeĞniak, Dynamic stability of an infinite Euler’s beam resting on a three-parameter inertial Vlasov’s foundation, subject to a moving 
continuous inertial loading-Part II, International Journal for Computational Civil and Structural Engineering, Vol. 3, No. 1, 2007, pp. 50-56. 
 
